The nominal orbit solution for an asteroid/comet resulting from a least squares t to astrometric observations is surrounded by a region containing solutions equally compatible with the data, the con dence region. If the observed arc is not too short, and for an epoch close to the observations, the con dence region in the 6-dimensional space of orbital elements is well approximated by an ellipsoid. This uncertainty of the orbital elements maps to a position uncertainty at close approach, which can be represented on a Modi ed Target Plane (MTP), a modi cation of the one used by Opik. The MTP is orthogonal to the geocentric velocity at the closest approach point along the nominal orbit. In the linear approximation, the con dence ellipsoids are mapped on the MTP into concentric ellipses, computed by solving the variational equation. For an object observed at only one opposition, however, if the close approach is expected after many revolutions, the ellipses on the MTP become extremely elongated, therefore the linear approximation may fail, and the con dence boundaries on the MTP, by de nition the nonlinear images of the con dence ellipsoids, may not be well approximated by the ellipses. In theory the Monte Carlo method by Muinonen and Bowell 1993] can be used to compute the nonlinear con dence boundaries, but in practice the computational load is very heavy. We propose a new method to compute semilinear con dence boundaries on the MTP, based on the theory developed by Milani 1999] to e ciently compute con dence boundaries for predicted observations. This method is a reasonable compromise between reliability and computational load, and can be used for real time risk assessment.
Introduction
The number of discoveries of Near Earth Asteroids (NEAs) has been growing signi cantly in the recent past, due to the increased e ort dedicated to this task, and maybe even more signi cantly, to the increased e ciency of the detection techniques. Coupled to the scienti c interest, there is obviously the urge of knowing whether there is any body of signi cant size that may come dangerously close to the Earth in the near future. The ability to make such predictions implies that the orbits of all known asteroids must be known well enough, and what this means from the quantitative point of view is the main problem discussed in this paper.
Whenever it happens that, after the discovery of a NEA, the orbit of the latter is determined with a precision su cient to show that its Minimum Orbital Intersection Distance (MOID, de ned as the minimum distance between the osculating ellipses) with respect to the Earth's orbit is small, but not su cient to reliably predict the closest approach distance, we are put in the uncomfortable situation of knowing that there is a NEA in a potentially dangerous orbit, but of not being able to answer the simple question: is it going to hit? It is customary to represent the range of possible orbits by a line (in the orbital elements space), the line of variations, along which all the solutions are more or less equally compatible with the observations. If one of the alternate orbits along this line undergoes, at some time in the near future, a dangerously close approach to the Earth, the astronomical community can not evade the responsibility of assessing the risk of impact.
The problem can be solved by identi cation, that is by combining the information from observations taken at a di erent apparition; this is possible if the orbit is determined well enough to allow one of the possible forms of identi cation, such as either orbit identi cation with an object already in the catalogues, or recovery at a following apparition, or precovery in some image archive of observations performed in the past and not yet attributed. If the accuracy of the available orbit is poor, identi cation of any kind can be di cult; sometimes the situation improves when an accidental recovery is made, but this may not happen for a long time.
This is what has recently happened with 1997 XF 11 , an asteroid with an exceptionally small MOID; the orbit determined on the basis of the observations at the discovery apparition could have a very close approach to the Earth in the year 2028, within three Earth radii from the surface. The prospect of an actual impact forced the celestial mechanics community to perform exceptionally detailed computations, and to use several di erent mathematical techniques to assess the possibility of collision. Even though relief was brought by an identi cation, more exactly by a precovery, after just one day of worry, it is nevertheless relevant to ask the following question: with the data available before the precovery, and with the appropriate mathematical tools, was it possible to exclude the possibility of a collision, with computations that would take much less than a day on a standard workstation? It is important to be able to answer this kind of question because, with the increased rate of discovery, similar cases may occur more and more frequently.
This paper belongs to a series dedicated to the asteroid identi cation problem, begun with Milani 1999] , hereafter referred to as Paper I. The similarity of the close approach assessment problem to the asteroid identi cation problem is that in both problems one has to compute the future evolution of a bundle of orbits with initial conditions in the region of elements space allowed by the available observations. For a given level of con dence, the set of orbits consistent with the observation is a 6-dimensional con dence region. In the case of recovery, described in Paper I, one is interested in the projection of the con dence region onto the sky plane at a given epoch; in the case of collision assessment, one is interested in the projection of the same con dence region onto a suitably de ned target plane containing the Earth. The two problems are mathematically equivalent and, provided the map from the initial orbital elements to the prediction plane is di erentiable, the theory of semilinear con dence boundaries applies equally well to the collision assessment problem. The fact that the coordinates in two prediction planes correspond to physically di erent quantities does not matter, as far as the algorithm de nition is concerned.
Whether making predictions on the sky plane or the target plane, it is important to approximate the full nonlinear con dence boundary as accuratelt as possible. The simpler linear analysis of Yeomans and Chodas 1994] maybe accurate enough in some cases, but in other cases, where the initial orbit is poorly determined or the orbit is strogly perturbed by the close approach itself, the semilinear approximation will perform much better. To draw practically useful conclusions, one needs to examine the nonlinear e ects which bend the linear ellipses; this can be done by careful examination of some examples.
Another important characteristic of an algorithm for assessing the possibility of impact is the time it takes to perform the analysis, since an answer may be needed quickly. The most timeconsuming part of the computation, in all risk assessment methods, is the accurate propagation of the orbit from the time of the observations to the close approach time. A Monte Carlo method has been proposed by Muinonen and Bowell 1993] and used for several applications, including risk assessment. However, the Monte Carlo method, if applied rigorously (without extrapolation), requires to compute a number of accurate orbits of the order of the inverse of the probability of the event being investigated. The problem is to nd out whether a reliable risk assessment can be completed by computing only a few tens to a few hundreds of accurate orbital propagations.
We do not anticipate the conclusions, which can be read in Section 5. The rest of this paper is organised as follows: in Section 2 we give all the mathematical theory of the predictions on the Modi ed Target Plane (which is also de ned there); the formulas in common with the sky plane problem are given without proof, because the proofs and derivations can be found in Paper I. In Section 3 we analyse the example of the close approach of 1997 XF 11 to the Earth in 2028, which was of special interest for the reasons outlined above. In Section 4 we analyse the ctitious case of an asteroid which is indeed Earth impacting, to see how the algorithms we are proposing would perform in case they were critically needed.
In the Appendix we describe the software system we have used to perform all the computations used in the examples of this paper, and which is available as free software. Readers may therefore reproduce our results for themselves, and, since source code is provided, they may examine the details of our algorithms.
Projections on the modi ed target plane
Let the initial conditions of the asteroid/comet under consideration be described by the 6-dimensional vector X of orbital elements, and let X be the solution best tting the available observations; let C X be the normal matrix, and ? X = C ?1 X the covariance matrix of this t. X is a minimum for a function Q proportional to the sum of squares of the residuals (Q is often called target function; to avoid confusion, in this paper it will be called cost function). The expansion of the cost function in the neighbourhood of X is
where the dots contain higher order terms, and m is the number of residuals. A con dence ellipsoid is a region where the quadratic part of the penalty Q is less than a given constant: we shall indicate with Z X ( ) the ellipsoid de ned by the inequality:
If the con dence ellipsoid under consideration is small enough, the higher order terms in Q(X) are also small, and the con dence ellipsoid itself is a good approximation of the region in the space of orbital elements where the penalty Q is less than 2 , where the alternative solutions still compatible with the observations are contained.
If the normal and covariance matrices have a large conditioning number (the ratio between the largest and the smallest eigenvalue), as is often the case for an asteroid/comet observed only over a short arc, the quadratic approximation is poor; in this case, however, the analysis of potential close encounters would be of little signi cance anyway, because of the excessive uncertainties in the predicted positions at times far from the observations. Thus we shall restrict our discussion to reasonably well observed orbits, as is now becoming the rule for newly discovered Potentially Hazardous Objects (PHO); especially among older discoveries there are objects observed only over very short arcs, for which the algorithms described in this paper may not give satisfactory results. This \reasonable goodness" hypothesis can be easily checked, in each individual case, by inspection of the residuals and of the eigenvalues of the covariance matrix: the distribution of the residuals, after outlier removal, must not be very di erent from the central portion of a Gaussian, and the square root of the largest eigenvalue of the covariance matrix must be small, say less than 10 ?4 .
To describe the totality of the close approaches compatible with the given set of observations we should, as a matter of principle, compute all the orbits contained in some con dence ellipsoid (for a suitable value of ) and monitor the portion of the orbits in the vicinity of the concerned planets. Since it is not conceivable to compute an in nite number of orbits, a Monte Carlo scheme has been proposed by Muinonen and Bowell 1993 ] to explicitly compute the statistical distribution of the predicted outcomes of the compatible orbits: a probability distribution in the orbital elements space, which can be derived from the Gaussian theory Gauss 1809] , is randomly sampled and each orbit in the sample individually computed until the close approach under study takes place Muinonen 1999] . This method works, but in practice the computational load is very heavy; our challenge is to obtain a description of the totality of the close approaches, practically equivalent to the one obtained by the Monte Carlo method, by computing only a very limited number of orbits.
Modi ed target plane
Let us suppose the nominal orbit with initial conditions X has a close approach with some planet, which is de ned as a passage within a given distance d. Practical limits for the selection of the distance d are that it must not be too large to result in the possibility of simultaneous close approach with two planets, but large enough to allow the detection of close approaches for the nearby orbits; values between 0:03 and 0:1 AU are suitable for the terrestrial planets. The distance from the planet r(t; X ) has at least one minimum lower than d, at some time t = t . A practical algorithm to compute t is the regula falsi applied to search for the zeros of the function dr=dt; it is easy to discriminate the minima from the maxima of r by checking the sign of dr=dt. If there are multiple minima, a particular one has to be selected or d decreased until only one minimum remains.
We de ne as Modi ed Target Plane (MTP) the plane through the center of the approached planet and perpendicular to the velocity vector of the encountering body at the closest approach time t . This de nition is the same used by Yeomans and Chodas 1994] (they call it target plane), and is a modi cation of the target plane used in Opik's theory of close encounters Opik 1976] ; the latter is the plane through the planet and perpendicular to the unperturbed velocity vector. These two planes are of course close to each other for shallow encounters.
Once an MTP has been selected, we can use cartesian orthogonal planetocentric coordinates ( ; ; ) such that at closest approach on the nominal orbit (t ; X ) = 0 ; d dt (t ; X ) = 0 ; d dt (t ; X ) = 0 ; this is possible because at the nominal orbit the MTP crossing is orthogonal; we shall further assume that the crossing of the MTP is transversal, that is with non zero velocity: d dt (t ; X ) 6 = 0 ;
that is, the axis is along the planetocentric velocity vector. The choice of the orthogonal coordinates ( ; ) in the MTP is arbitrary; for the gures of this paper, we have selected the axes in such a way that (t ; X ) = 0 ; (t ; X ) > 0, that is, is along the vector from the planet to the nominal closest approach position. If the MTP is crossed only once during the close approach, we can select an orientation such that d =dt > 0. Low velocity encounters, which can result in multiple minima of the planetocentric distance and/or multiple crossings of any selected MTP, would introduce complications in the geometry of the con dence boundaries which are beyond the scope of this paper, focused on encounters of NEO with the terrestrial planets; in the cases we are interested in, d =dt is larger than the planetocentric parabolic velocity.
For orbits close to, but di erent from, the nominal one, the time at which the MTP is crossed can be di erent from t , and is a function of the initial conditions: t = t(X), implicitly de ned by the equation (t(X); X) = 0 ; t(X ) = t :
By the ordinary implicit function theorem, the gradient of the function t(X) can be computed by @t @X
The map onto the MTP is expressed by the functions (X); (X), that can be shown to be di erentiable as follows, provided the MTP crossing is transversal: @ @X =0 = @ @X (t ; X ) + @ @t (t ; X ) @t @X (t ; X ) and by using the above formula for the gradient of t(X), and the property that the nominal orbit crosses the MTP orthogonally:
In the same way:
In practice this means that, given the state transition matrix, solution of the variational equation along the nominal orbit at time t = t , the partial derivatives of the map on the MTP are easily computed. As for the computation of the map itself for an orbit with initial conditions X 6 = X , the solution t(X) of the equation (t(X); X) = 0 is obtained by iterating a regula falsi as above.
We shall therefore assume from now on that the position of the intercept on the MTP is a 2-dimensional vector Y = ; ] T , and that Y is a function of the initial conditions X, known together with its partial derivatives: Y = F(X) ; Y = Y ? Y = DF(X ) X + : : : where X = X ?X , the Jacobian matrix DF is a 2 6 matrix and the dots stand for the higher order terms.
Semilinear con dence boundary
Once we have established that the intercept of the MTP is an explicitly computable di erentiable function, the mathematical theory is the same, whatever the astronomical interpretation of the function Y = F(X). Therefore we can use the same theory developed in Paper I for the computation of con dence boundaries in celestial coordinates ; ] = right ascension, declination]. We will not repeat the derivation, which can be found in Paper I, Section 3, but only summarize hereafter the algorithmic path. We refer in the following to the target space of the Y variables, with the understanding that both the Y = ; ] In the linear approximation, the con dence ellipsoid Z X ( ) in the space of orbital elements is mapped onto an elliptic disk (the ellipse plus its inside) in the target space: let the disk Z lin The easily computed elliptic disks Z lin ( ) are good approximations whenever the nonlinearity of the function F is small. Unfortunately, this is not the case when the orbits have to be propagated for a long time, and especially when close approaches take place. A good compromise between computational e ciency and accurate representation of the nonlinear e ects is obtained by drawing in the target space the semilinear con dence boundaries K N ( ), de ned as follows.
The boundary ellipse K lin ( ) of the con dence disk Z lin ( ) is the image, by the linear map DF, of an ellipse K X ( ) in the orbital elements space, which lies on the surface of the ellipsoid Z X ( ). The semilinear con dence boundary K N ( ) is by de nition the nonlinear image F(K X ( )) in the target space of the ellipse K X ( ). In the Y plane, the closed curve K N ( ) is the boundary of some subset Z N ( ). We use Z N ( ) as an approximation to F(Z X ( )), which is the set of all possible predictions on the target space compatible with the observations.
To explicitly compute K N ( ) a couple of additional steps are required. The rows of the Jacobian matrix DF span a subspace in the orbital elements space. Let us assume that an orthogonal coordinate system is used in the X space, such that
where E are two coordinates in the space spanned by the rows of DF, and L four coordinates in the orthogonal space. Let the normal matrix C X , in this coordinate system, decompose in this way:
The linear map DF can be described as the composition of the orthogonal projection X ! E and of an invertible linear map A : E ! Y . Then A ?1 (K lin ( )) is an ellipse in the E space, and the ellipse K X ( ) on the surface of the ellipsoid can be computed as its image by the map
Whatever the method of representation of the con dence region F(Z X ( )), in the end we can only explore it by computing a nite number of orbits. To increase the level of resolution of this representation, however, the dimensionality of the space being sampled matters. Z X ( ) is 6-dimensional, and to increase the resolution by a factor 10 the number of orbits grows by a factor 1 000 000; the semilinear con dence boundary K N ( ) is a one dimensional curve, and the resolving power increases linearly with the number of orbits computed. In practice, even very complicated and strongly nonlinear examples can be dealt with only a few ten to a few hundred orbit propagations.
Close approach manifold
The closest approach point on the nominal orbit with initial conditions X (solution of the least squares t) belongs by de nition to the MTP. The closest approach points with nearby initial conditions X, however, do not in general lie on the MTP, although they are nearby (for small X). Thus the intercept with the MTP in general is not at the minimum distance; the fact that some con dence boundary does not intersect the disk with radius r = R P (where R P is the radius of the approached planet) does not guarantee that there is no impact in a point outside the MTP.
Although the set of possible close approach points is not a linear subspace of the phase space, it can be represented on the MTP. We have chosen a representation such that the closest approach distance is the planetocentric distance of the representative point on the MTP: if (r M T P ; M T P ) are planetocentric polar coordinates on the MTP, and r CL is the closest approach distance on the same orbit, we use the point with polar coordinates (r CL ; M T P ). In practice, the MTP intercept and the close approach manifold representative point are very close, with the exception of very deep and/or very slow encounters. Figure 1 shows the target plane analysis outlined in this Section for the lost asteroid 1978 CA, which can have had a close approach to the Earth on September 3, 1997. In the plot we have drawn the intercept on the MTP of the nominal orbit (cross), the linear con dence ellipse (dotted line), the semilinear con dence boundary on the MTP, and the representation of the close approach points of the same orbits, all for = 3. For small enough displacements from the nominal orbit the linear approximation is good enough; for larger displacements the di erences between linear and semilinear approximation, and between the MTP and the close approach manifold, are visible. The maximum deviation of the semilinear boundary on the MTP from the linear ellipse is as large as the Earth-Moon distance.
In this case the semilinear approximations show only moderate deviations from the linear approximation, essentially because 1978 CA could not have a very close approach (the MOID is 0:15 AU). Nevertheless, this lost asteroid could have passed the Earth at a quarter of the distance predicted using the nominal orbit. Any attempt to predict in which direction in the sky astronomers should have looked to observe this asteroid when it was apparently brightest would have failed, because there are solutions compatible with the 1978 observations arriving from opposite directions. Indeed this asteroid has not been recovered, although it could have been quite bright. The semilinear boundary on the MTP and that on the close approach manifold (also for = 3) are drawn in full line; they cannot extend beyond d = 0:1 AU because they are computed only for orbits entering the close approach sphere. Note that the close approach manifold boundary is, by de nition, closer to the Earth than the MTP boundary.
indicates that the object will pass only 0.00031 AU from the Earth on 2028 Oct. 26.73 UT! Error estimates suggest that passage within 0.002 AU is virtually certain, this gure being decidedly smaller than has been reliably predicted for generally fainter PHAs in the foreseeable future." During the following 24 hours a urry of E-mail messages, hasty computations and press releases was concluded by the precovery by K.J. Lawrence on March 12 of some observations of 1997 XF 11 on lms taken by the PCAS survey (led by E. Helin) in 1990. With the 1990 observations in hand, all concerned reached consensus that there was no risk of impact from this asteroid in 2028. It was di cult for the research community to reach agreement on a tricky issue of Celestial Mecahnics in just a few hours, when the algorithms used by the researchers are not well known or well understood by the community. This paper has precisely the goal of providing the necessary algorithms and software, and to test them; therefore, in this Section we shall discuss how our methods perform on the problem facing the Celestial Mechanics community on the night of March 11, 1998. It is unfortunate that these algorithms were not available at that time, because they would have enabled reseachers to eliminate the possibility of impact in 2028 with greater certainty than could be done with the linear method, and more quickly than with the Monte Carlo method.
Nominal orbit and Modi ed Target Plane
The rst step is to solve for the orbit of 1997 XF 11 by using only the observations between the discovery, in December 1997, and March 4, 1998; these were the observations available on March 11, 1998. Before applying the con dence boundary methods discussed in this paper we need to check the hypothesis, introduced at the beginning of Section 2, that the least squares t results in a well determined solution, with a con dence region small enough to allow for the use of the con dence ellipsoid as a good approximation to the con dence region. After solving for the orbit with 98 observations, from 12 di erent observatories, the RMS of the residuals is 0:61 arc seconds; after discarding 5 outliers in 2 iterations of removal at the 3 RMS level, the solution with 93 observations has an RMS of 0:50 arc seconds. The conditioning number of the covariance matrix is 232 000 (in non singular equinoctal elements), with a largest eigenvalue 2 1 = 3:9 10 ?9 , thus the con dence ellipsoid is quite small and is a good approximation.
The residuals after this second t are plotted in Figure 2 ; the fact that the residuals from each individual observatory are not Gaussian is quite apparent. Nevertheless the errors of the di erent observatories do not appear to have a common bias/trend, as it reasonable since an asteroid observed near the Earth is not seen always in the same region of the sky, were regional star catalogue errors are expected to be systematic. Adopting the method described in Paper I, Section 2.2, and universally used in the astrodynamics/satellite geodesy applications, we select a weighting scheme such that the non discarded observations are very unlikely to have errors above 3 times the normalized scale (which is the inverse of the weight).
By inspection of the Figure 2 , it is clear that a reasonably prudent choice is to use a scale of 1 arc second, that is equivalent to using a safety factor about 2 with respect to a naive application of the Gaussian statistics to non Gaussian errors. Thus all the normal and covariance matrices used in the following are computed with weight unity (in arc seconds), and incorporate this safety factor. We have to acknowledge that this choice of weighting is not an exact science; e.g. an argument could be proposed to use a safety factor q no:observations=no:observatories = q 93=12 = 2:78; as we will see, the results of Figure 7 might be used to argue that a somewhat higher safety factor would give a better agreement. The possible values of the weighting scale are anyway not very di erent, and the discussion of the following results would not be signi cantly a ected, apart from the discussion of Figure 7 .
Then we compute the nominal orbit, solution of the least squares t, until the year 2028, and nd the closest approach position and velocity, which is at a distance of 0:000 29 AU from the center of the Earth on October 26, 2028; the planetocentric velocity is 14:6 km/s, and the unit vector along this velocity is used to de ne the Modi ed Target Plane. By using the multiple solution formalism (described in Paper I, section 5) it is possible to nd solutions compatible with the observations passing at about 3 Earth radii from the surface of the Earth. Note that, the close approach being very deep, some caution is needed to compute the orbit and to nd the closest approach point with the required accuracy.
For numerical integration we have used the Runge-Kutta-Radau scheme Everhart 1985] , with adaptive stepsize change when stronger perturbations are encountered. This method performs well even in presence of close approaches, but for the deepest ones it sometimes fails to achieve convergence in the standard 2 iterations. We have modi ed the algorithm allowing for a variable number of iterations.
The dynamic model for a re ned close approach analysis must be very accurate; all the results of this paper about 1997 XF 11 are based upon a model including the general relativistic perturbations from the Sun, the gravitational perturbations from the 3 largest asteroids, but not the gravitational perturbations due to the Moon. We have checked that the inclusion of the gravitational e ects of the Moon would not change signi cantly the results: e.g. the nominal closest approach distance for the 1997-98 orbit would be 0:000 27 AU, only 3 000 km less, due to the displacement of the center of the Earth from the center of mass of the Earth-Moon system.
The algorithm to determine the closest approach point is based upon an iterative regula falsi method to nd the zero of the radial derivative (with respect to the approached body); the regula falsi is activated whenever a change in sign of the radial derivative is detected, and the following substeps are computed independently from the prosecution of the orbit integration, with a di erent algorithm, Runge-Kutta-Gauss Butcher 1987], which is known to be especially stable in hyperbolic orbits. The MTP crossing is detected with the same method, applied to the derivative of the coordinate (see Section 2).
Linear and semilinear con dence boundaries
We now proceed to compute the di erential, at the nominal orbit, of the map onto the MTP, with the formulas of Section 2, and we compute the con dence ellipse K lin ( ), for = 3. The ellipse has very uneven semiaxes, the short one being only ' 1 300 km, while the long one is ' 1 440 000 km long; this is not unexpected, since the conditioning number of the covariance matrix of the orbital elements grows at least quadratically with time (see Paper I, Section 4.1); intuitively, the orbital error accumulates along track as an e ect of the original uncertainty in the semimajor axis. The good news is, the direction of the major axis of the con dence ellipse is not directed towards the origin in the MTP, where the Earth is; it is directed away from it by an angle = 41 . Since the ellipse is very narrow, almost a segment, the minimum distance from the linear analysis is essentially the nominal minimum distance d n times sin , in this case 0:000 19 AU. If the linear approximation is applicable, then d n sin is all what matters, while both d n and can change for solutions using di erent data sets. If d n sin is safely above the surface of the Earth, this is enough to conclude that the risk of impact is essentially zero 1 . To see whether this conclusion holds, even when taking into account the nonlinearity of the map onto the MTP, we have computed the semilinear con dence boundary K N ( ), for the same = 3. Figure 3 shows a square window on the MTP with a side of about 300 000 km; the Earth is the circle around the center, drawn at the same scale. The linear and semilinear con dence boundaries are almost the same near the nominal solution (which is along the axis, towards the right in the Figure) ; the semilinear boundary begins to bend with respect to the major axis of the ellipse, until at a distance of about 100 000 km the two con dence regions do not overlap at all. Near the Earth, however, the two boundaries are essentially the same: this implies that the conclusion on the essentially zero risk of impact is valid, in this case, also within a nonlinear model.
To decide whether the applicability of the linear approximation is a general result, rather than an accidental property of this example, we have plotted the entire con dence boundaries K lin (3) and K N (3) in Figure 4 ; to this purpose, we have used a window on the MTP with a side of about 2 400 000 km. This makes clear that the distance of the 2028 closest approach, as assessed by using only the 1997-98 data (until March 4, 1998), could well be up to 4 times the Earth-Moon distance. The plot also shows that the linear ellipse and the semilinear con dence boundary can be far apart, near the two extremities, by more than the diameter of the Earth. In other words, the fact that the linear and the semilinear method give the same answer to the question about the possibility of an impact depends upon where the Earth is, with respect to the nominal solution and with respect to the tips of the con dence ellipse. Thus Figure 4 allows us to conclude: (1) that the impact risk by 1997 XF 11 in 2028 is essentially zero, even using the 1997-98 observations only; (2) that the close approach of October 2028 is not constrained, by the 1997-98 observations, to be at a distance closer than the Moon; (3) that the linear approximation, successful as it is in this case, can not be relied upon in every case. All three conclusions have been also obtained by the Monte Carlo method Muinonen and Bowell 1993] con dence boundaries (dotted lines) are extremely elongated, to the point that their thickness is not visible in this plot; towards the two tips, the di erence between them is signi cant. The con dence boundary of the solution which uses also the 1990 precovery observations bounds a much smaller region, which is either inside, or very close to, the semilinear con dence region of the solution with 1997-98 data only, but well outside the linear con dence ellipse computed with the same data.
and preserved in the JPL archives. We may wonder why this detection of an Apollo asteroid went unnoticed in 1990, to the point that the positions were not even measured and astrometrically reduced. The answer is that the proper motion of 1997 XF 11 at that time was only ?0:33 degrees per day in right ascension, and 0:14 in declination; these values did not attract the attention of the blinker searching for NEOs, although in hindsight it could be argued that these are somewhat strange values for a main belt asteroid, especially considering that they were taken at ' 21 from opposition. In any case, when the orbit of 1997 XF 11 was propagated back to 1990, it was possible to detect on the archived lm and to attribute the 4 observations; the residuals with respect to the nominal orbit were as high as ?7 arc minutes in right ascension and 2 arc minutes in declination, but this was within the range of uncertainty to be expected when extrapolating the orbit by more than 7 years; Figure 5 shows the = 3 semilinear con dence boundary, as de ned in Paper I, for XF 11 tted to the 1997-98 data. The curve is the semilinear con dence boundary (in this case, the linear ellipse would not be signi cantly di erent) for = 3; the cross just outside the boundary curve is the actual precovery observation.
one of these precovery observations. The same gure also shows the real observation (cross); note that it is slightly outside the = 3 boundary, but still inside the = 4 boundary. This could be used as an additional argument in favour of a slightly more prudent normalisation.
By adding these 4 observations, a new t to 97 observations is obtained, and because of the 30 times longer time span the con dence region in the space of orbital elements shrinks a great deal; the conditioning number of the covariance matrix becomes 153 000, and the largest eigenvalue becomes 2:4 10 ?10 ; roughly speaking, the orbital elements are better determined by an order of magnitude. The residuals of this more accurate solution are plotted in Figure 6 for the 1997-98 period; the residuals of the 1990 observations are 1 arc second. The change in the systematic observatory dependent residuals is apparent by comparing with Figure 2: for example, the declination residuals decrease by about 0:6 arc seconds in december 1997, and increase by about 0:4 arc seconds in March 1998. Nevertheless, the overall RMS is increased only to 0:55 arc seconds, and there are no additional outliers. When propagated to the close approach time in 2028, this nominal 1990-98 orbit has a closest approach distance of 0:006 45 AU.
The next question is: where is the more accurate solution including the 1990 data, with its much smaller con dence boundary, with respect to the con dence boundary of the previous solution? If the word con dence has some meaning, it must be inside! Now we have computed two con dence boundaries, the linear one and the semilinear one; as we have seen, they are in part superimposed (near the Earth) and in part separate (near the tips of the ellipse). If the \true" solution, more rigorously the solution based upon more information, intersects the MTP where the two con dence regions are disjoint, then one of the two must be wrong.
To perform this comparison in an accurate way, we need to map the solution including the 1990 data on the same MTP on which we have traced the con dence boundary of the 1997-98 solution; we must not use the MTP de ned by the closest approach point of the nominal 1990-98 solution, because the two planes are not the same, and even a small di erence in the two MTP normal vectors would result in a displacement which would invalidate the comparison. The intercept point of the nominal 1990-98 orbit on the MTP of the 1997-98 orbit is at a geocentric distance of 0:006 55 AU (it is not the closest approach point, but the di erence is small), the linear con dence ellipse is of course much smaller, for = 3 it has semiaxes of 377 and 88 000 km.
In Figure 4 we have also plotted the con dence boundary (for = 3) of the 1990-98 solution, by plotting the intersection points of the orbits forming the semilinear boundary with the MTP of the nominal 1997-98 solution; the plot shows that the semilinear con dence boundary is by far the winner. Thus, not only can the linear con dence boundary deviate by a large amount from the semilinear one, but this di erence might result in an abuse of con dence, in that the \true" solution may well be outside the ellipse. To better assess the reliability of the semilinear con dence boundary, we have prepared an enlarged view of the portion of the MTP containing the con dence region of the 1990-98 solution (Figure 7 ). The Figure shows in an even more evident fashion the inaccuracy of the linear condence ellipse, but the enlargement allows us to see that the = 3 semilinear con dence boundary for the 1990-98 solution pokes out of the = 3 boundary of the 1997-98 solution; the same happens for the close approach manifold representation (the two are not very di erent, because the close approaches of the orbits in this window are all shallow). This could indicate that we should have used a more prudent normalisation, or equivalently, a value of the parameter around 4.
We believe that this indicates that the semilinear con dence boundary method works in a way which can be considered reliable, but the normalisation problem requires further study to come out with a reliable algorithm to select weights. In most cases, including 1997 XF 11 , the di erence between the = 3 and the = 4 boundary does not matter as far as the possibility of an impact is concerned; however, it is always possible to contrive an example in which the Earth would be between the = 4 and the = 3 boundary. Even the di erence between the semilinear boundary and the fully nonlinear one may be important in some cases, including the marginal ones with a semilinear boundary very near the Earth.
Risk assessment
The question still pending, after some reasonable con dence boundary (for either = 3 or = 4, as discussed above) on the MTP has been computed, is whether an impact is possible, given the available observations. If the 1990 precovery observations are taken into account, this possibility can be excluded without complicated arguments. For the solution using the 1997-98 data only, we have computed the con dence boundaries, in both the linear and the semilinear approximations, corresponding to = 60; as shown in Figure 8 , only for values of the parameter this high does an impact become possible, in both approximations. From the discussion of the previous subsections it should be clear that we are not fully convinced that it is possible to give a quantitatively rigorous estimate of the probability of an impact for the 2028 encounter of 1997 XF 11 with the Earth. Even excluding the 1990 precovery observations, the probability is a very small number; to compute it, one needs to use the very extreme tails of an assumed Gaussian distribution. The fact is, the observation errors do not follow a Gaussian distribution, so much so that whenever a residual is above 3 times the RMS of 0:5 arc seconds we discard it. If a single residual were of the order of 60 times the assumed weight of 1 arc second, no one on Earth would include it in an orbital solution, but rather think that the observation belongs to another asteroid.
If, on the other hand, all the observations conspired to allow an impact in 2028, then the RMS value of the residuals would become no less than ' 4 arc seconds; this is so far along the tail of a Gaussian distribution with RMS 0:5 that the formal probability would be a very small number, but this would stretch the application of Gaussian statistics far beyond the region where it correctly represents the observation errors. Rather than using an extremely small number to describe the probability of such a solution, we would rather describe the situation in the following way. Accepting an impact solution as compatible with the 1997-98 observations would be equivalent to believing that there has not been any progress in astrometry since the second half of the eighteenth century, when typical observation errors were ' 4 arc seconds.
We nd this argument, based on the size of the residuals required to allow an Earth impact, more convincing than a statement of a tiny impact probability computed from an inappropriate application of Gaussian statistics. 
Application II: a ctitious impactor
The objective of this paper is to propose an algorithm to be used the next time a PHO scare occurs. We would therefore like to study how the algorithm would perform in case an asteroid is actually on a collision course. Luckily we do not have any real example of this situation; we resort to a simulation. The entire process of discovery, initial orbit determination and successive orbital re nement has been simulated by Bowell and Muinonen 1992] for a hypothetical asteroid 1992 KP 4 which would impact the Earth in the year 2004, only 12 years after the supposed discovery. The simulated dataset includes observation from the discovery on May 27, 1992 until March 18, 1993 (plus pre-discovery observations in 1939 . We have therefore performed a risk assessment in three phases, the rst including observations only until July 6, the second one including all the simulated 1992-93 observations, the third one including the 1939 precovery observations. All the simulations about the ctitious impactor 1992 KP 4 include also the Moon (in case of impact, a few thousand km can make a lot of di erence).
MTP analysis with the early data
The least squares t using only the 27 observations up to July 6 has an RMS of the residuals of 0:69 arc seconds; we use the weighting corresponding to 1 arc second for consistency with our approach of Section 3.1, although in a simulated case the residuals have been manufactured by some random number generator and they are likely to be more Gaussian than in any real example. The conditioning number of the covariance matrix is 3 10 9 , with a largest eigenvalue 2 1 = 1:2 10 ?5 , thus the con dence ellipsoid is quite large and we are really testing the boundaries of applicability of our semilinear method.
Propagation of the nominal orbit in the near future reveals close approaches repeating more or less every 4 years; the rst one is 1996, at a minimum distance 0:030 AU; the closest one is on October 3, 2004, at a distance 0:021 AU. The close approach analysis of the 1996 encounter indicates that there is nothing to worry about for that year. The = 3 linear con dence ellipse on the MTP, centered on the 0:030 AU nominal closest approach, has semiaxes of 184 km and 0:13 AU, that is the long semiaxis is much longer than the nominal miss distance. The long axis, however, is in a direction forming an angle of 15 with the direction towards the Earth. As a result, both the linear and the semilinear con dence boundaries on the MTP come no closer than ' 0:008 AU from the Earth.
The close approach analysis of the 2004 encounter gives a much less comfortable result. The = 3 linear con dence ellipse on the MTP, centered on the d n = 0:021 AU nominal closest approach, has semiaxes of 590 km and 0:19 AU, that is the long axis is again much longer than the nominal miss distance. The size of the ellipse would not matter if, as in the previous case, the long axis were oriented in a safe direction. The worrisome feature is, for the 2004 encounter the ellipse points almost exactly towards the Earth: the angle between the long axis and the direction to the center of the Earth is only = 0: 2. Nevertheless, the linear con dence boundary does not touch the Earth surface, missing it by less than one Earth radius; to check this, it is enough to compute d n sin = 0:021 AU sin 0: 2 = 7:8 10 ?5 AU = 1:8 R .
The nonlinearity of the map onto the MTP is impressive, as shown in Figure 9 : the linear and the semilinear boundary are close only in the immediate neighbourhood of the nominal solution, everywhere else they develop in a qualitatively di erent way; the range of closest approach distances is completely di erent (note the di erent scales on the two axes). Looking at an enlarged view ( Figure 10 ) we see that the semilinear boundary intersects the Earth surface, while the linear ellipse does not, as predicted by the simple calculation performed above. In this particular case, the linear con dence analysis with the observations up to July 6 would lead to exclude the possibility of a collision which, in the simulation, actually takes place. The semilinear analysis would correctly conclude that an impact cannot be excluded.
MTP analysis with the 1992-93 observations
Using all 58 observations up to March 1993, the least squares t residuals have an RMS of 0:62 arc seconds, but the orbit determination is of course much improved: the conditioning number of the covariance matrix is 7 10 5 , with a largest eigenvalue 2 1 = 2:9 10 ?9 . Thus the con dence ellipsoid is roughly comparable to that of 1997 XF 11 as discussed in Section 3.1. Propagation The long axis is still much longer than the nominal miss distance, and the angle between the long axis and the center of the Earth direction is slightly increased to 0: 9: now the linear con dence boundary includes a good portion of the Earth cross section, and this is con rmed by the semilinear boundary. By the same procedure used in Section 3.3, we have superimposed on the MTP of the solution including only the early observations also the semilinear con dence boundary of the solution with all the 1992-93 observations. Again the semilinear con dence boundary with more data is almost entirely contained in the semilinear con dence boundary with less data. This condition is not ful lled by the linear approximations: the linear ellipse with more data is entirely outside the linear ellipse with less data described in the previous Subsection. 
MTP analysis with the precovery observations
By adding the precovery observations of 1939, the orbit determination becomes so accurate that the target plane uncertainty for the 2004 encounter is very much reduced. The semiaxes of the = 3 ellipse are 240 and 1200 km; the semilinear boundary has a similar size, although its shape is distorted. This refers, however, to a portion of the MTP centered at the nominal miss distance of 4 000 km from the center of the Earth, that is well inside the Earth volume. Since the Earth surface is 2-dimensional, basically the same mathematical formalism described in Section 2.2 could be used to draw con dence boundaries of the impact point.
Conclusions
The study of the 1997 XF 11 scare, and even more the one of the 1992 KP 4 simulation, show that it is not possible to just rely on the experience of the usual linear analysis. The events such as extremely close approaches and impacts are rare, nevertheless one has to be ready to analyse them in a quantitative way. From this the following conclusions can be drawn.
In Paper I the theory of semilinear prediction was introduced, which can be used on any target space, provided the mapping is di erentiable. If the target space is 2-dimensional , the semilinear con dence boundary curves can be computed using only a few tens to a few hundreds orbit propagations. In this paper we have applied the theory to close approach analysis by using a Modi ed Target Plane (MTP) as the target space. Other choices for target plane are possible.
To exclude the possibility of an impact {conversely to decide that it cannot be excluded{ we recommend the following procedure:
1. nd the least squares solution for the existing observations, discard the outliers and select weights; 2. propagate the orbit for the time span to be monitored, and detect the close approaches; note that the most dangerous close approaches are not necessarily the ones with the smallest nominal miss distance; 3. having selected a close approach and its MTP, compute the linear con dence boundary;
analyse the size and orientation of the con dence ellipse; 4. if the linear ellipse gets close to the Earth, especially when this occurs far from the nominal orbit, use the semilinear approximation; 5. if the semilinear approximation indicates the possibility of an impact, and also in borderline cases (e.g. if the Earth is touched by the boundaries corresponding to values of between 4 and 5), resort to a fully nonlinear exploration by using the Monte Carlo method Muinonen and Bowell 1993] .
When subjected to the above procedure, a potential impactor might look like the simulated case of 1992 KP 4 . The con dence boundaries on the MTP might have wild shapes, not easy to understand; they should be analysed in some non singular coordinate system, such as the one provided by the Opik plane.
An impact by asteroid 1997 XF 11 in 2028 was not compatible with the observations from the discovery to March 4, 1998, unless it could be admitted that the RMS observation error was about 4 arc seconds.
The algorithms described in this paper are implemented as part of the free software package OrbFit, which can be obtained as described in the Appendix.
A How to obtain the software Reproducibility of the results is an essential requirement in science, and even more so when delicate issues such as impacts on Earth are discussed. We believe every reader should be given the opportunity to repeat our computations. This is possible by using the free software OrbFit, developed by a consortium including the rst author and his coworkers at the University of Pisa, M. Carpino (Obs. Milan/Brera), Z.
Kne zevi c (Obs. Belgrade), and the second author. Other applications of OrbFit have been described in Paper I and Milani et al. 1998 ]. This software is available at the anonymous ftp server copernico.dm.unipi.it, directory /pub/orbfit, it is distributed under the Free Software Foundation Public licence. In the latest versions of OrbFit, the authors of this paper have added to the interactive main FITOBS the capability to perform close approach analysis, such as those performed in this paper. In particular, the Figures of this paper have been generated from OrbFit output.
